
I More on Dehn surgery

A. Altering Surgery Diagrams

we would like to know how to manipulate Dehn surgery
descriptions of 3-manifolds

lemma 1 :

n
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slam dunk

n , r, 5 C- Zt

Proof :
doing n - surgery on K is the result of removing a

nbhd of K from 53 and gluing in S
'

xD
'
to 353k by

01--1-9 '

n ] ④.

So 53k (n) = SE g. s
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the unknot U in picture is a meridian to K so isotop
U to 25

,? and then transfer to S
'
✗ 15 via 4- '

a-
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in --1%1191=1%1
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so in 5? Cn) U is isotopic to
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now a nbhd No) of U is a subset of 5
'

xD
"

such that S'xDZ_NÑ = 7×6.1]

so 5,2in ) is

TO
- %

NCO)

now for % surgery on U we remove Nco)

and glue by a map

4=1%4 st. detY=l

so (5×14)ulna is

SID'

by lemma I? this is the same as

s"" s 'xñ

a. 4--11111%11=1.:* . -End



so meridian maps to ( Fenn )
ie this is n - Str surgery on

K

exercise : to express surgery on U we needed a

preferred framing on U, make sure
the framing on U when pushed into 5

'

xD
'

was unchanged, 2.e. 4-
'

didn't change it!
(necessary for our description of

4)
☒+

Corollary 2 :

given p, q relatively prime , one can find r, . . . rn such

that Plq = ri -

In
then

% =

WEI
. -70

n
,

" % rn

Proof : just slam dunk k - l times ☒

example : -2 -2 -2 - L

1) COW = 0-514
both describe V5.4)

2)
-

n
= 0 - m +

'

a
=

-mn
so Llmn - I, m) I Llmn - 1in)

"

O - nttm =
- "T very cool, this is

not completely
obvious !



Remark : Cor 2 + Lickor ish
,
Wallace The( Th"1.5) says

that any closedoriented 3-mfd is Dehn

surgery on a
link in 53 with all surgery

coefficients being integers
(actually a careful look at theproof of
The -1.5 already shows this !)

For our next move we need hiking numbers
if K, and Kz are oriented knots in a homology sphere M

tthen [Kz ] c- Hzlmk
,

) I ¥ gen byHit
① µ ,✗ lemma III. 14 I

K

so [Kz ] = m [µ ,
] some in C-

we define the linking number to be lklk, , Kit = m

recall -1 an embedded surface I.CM such that

2-2
,

= K
, ( as oriented manifolds)

note : I
,
nµ ,

= + 1
- K

*iv.
so 1kt K, ,Kil

= ml -2in [µ , ] ) = -2, n @ [µ.] )

= I
,
^ [ KI

now let's compute Lklk, /G) for K, , Kzc IN as
]

• project K , to ✗y
- plane



• construct a Seifert surface as follows

1) at each crossing of K,

¥+5T
so that or

" is respected

get a bunch of circles

→go
2) pick disks in Ñ that these circles

bound

.

3) at each crossing glue ni a half twisted
strip to create a surface 42 = K ,

11

this gives a surface in 1173 that is almost

in ✗y -plane and 2 = K,

exercise : find surface for F②
now to compute linking look at thediagram

1) think of trying to pull Kz towards you



you only get stuck when kz passes
under Ki

so the only place Kz can loitersect -2,
is near an under crossing

2) at an under crossing you see

µ
"

/ -
Pull Kz up
• see

negative intersection
point !

+

so lklk , .kz) = I Ec where Ec is sign above
crossings
of Kzvndeik,

note : the Seifert longitude for K is exactly the curve ✗
with 1h (K

.
X ) = 0

all other longitudes of the form Itmm
whereµ is the meridian of K and M c-Z

lemma 3 :

it✗ .
. . \ new surgery coeff
✓ "

s I☒ ÷±r on image of Ki is
°

H - '
' I v

y .
. . I ri-ri-i-ltilki.cl

T.IT#hcptsKi.-KnlRolfsen twist)
and surgery coeff r, . . - rn



Proof : let U be the unknot
µ

iii. = 5+5

si nos

let 4 : s} → s} be given by 14, er,#→ ( 4, Cr, 0+-411

on on 2417
,

4given by

It

now s} Iris ) = S} of s
'
✗Ñ

where f-=p;%)

we can build a diffeomorphism

s? (4) = s }

Ly

"
t
s

'

xD
2

did
5 } v4of 5×15 = 5? 1T¥

1 I

(6+-171%1) =P
' '

Sir )

so lemma is clear except for surgery coefficients r,
'

to sort this out
,
let's see how the longitude

and meridian
, Xp ,µ, , of ki change under 4

hear U we have (only focus on K, , ignor others)



←Xi

p suppos k up strands and n - k down

2.e.lk ( V, K, ) = 2k - n

when we do a + twist weget

H H M
+ ,

each orange strandgoes under

each green strand one

!!H! nine

it arrows agree if not

¥ Hi
so each of the k upstrands contributes

1h14 Kd

and each of the k -h) down strands contrib .

- 1h10
, Kit

:
. linking of orange and green is

4h14 Kd)
'

: 4(a) = i. +14141414:
'

41mi =Mi

where Xi ,µ,
'

are long /merid
of
image of Ki

i. re = Pity in ☒
, ,µ;) words goes to



(Wu, Kit ? )("pi)=p¥q . incant
in Xi

,µ,
' words so surgery coeff

ri= Pj. +14141415

Example :

⑦
•

= ⑦
•

= ☒÷= - .

↳÷ Rt.

=

-

→ ÷
.

'i=
I
RT

.
¥"

"

= Q
,
Q
,① -2

I LIZ , 1) # 43,1)

exercise :

if M = Dehn surgery on L

M
'
= Ll 11 L

"

then M # M
'
= Dehn surgery on LoL

'

→
L and L

'

separated

by an 1132

later we will see it is somewhat unusual to



get a connected sum by surgery on a knot

lemma 4 :

n Play

☒F ①☒ = É€☒
(491%6) Play-in +21hLKik

')
n an integer
K and K '

can link if one arrow reversed
,
the

new surgery coeff is

Plq +n-21h (K, K ')

Proof :
(
t bounds a disk D in 531K)

push a point on K
'

near ZD

now use D to guide an isotopy

"

→

so in 5,2 (n )
,
K
' is isotopic to

ñ€☒
un

we now need to see what the surgery weft.



becomes after this isotopy
call ☒N K

"

under the above isotopy the longitude Iot k
'

goes to

(just push itover D as well)

É¥☐ let a- ✗Enmities '

note : µµ for K
' is still a meridian after isotopy

so in
' XiMi words the surgery coeff. on

K
" is Pig (exercise

,
if not clear ! )

but ✗ is not the longitude of K
"

let's compute the linking between X and K
"

the linking comes from under crossings of

X under K
"

, they are of 2 types

1) under crossings w/ K
'

2) u 11 w/ K

type 1) crossings areof 2 types
a) a strand of 7 parallel to K

goes under K
'

b) a strand of 7 parallel to K
'

goes under K
'

type a) crossings contribute 0 to 1k

since 1h (✗ki, k
' ) = 0



type b) crossing 's contribute 1ktKik
')

similarly, type 2) crossings also contribute
lhlk

,
k ' ) + n to the hiking

so ✗
µ ,

= X - ¢1k (kik ' ) + n )µµ ,

now in Fiji ,MK " words

PMK " + 97 =pMk " -19 ( ✗Kii
+ (Zlklkik ')tn)µk . . )

= fptqlntzlhlk, K
'))µk " +97k "

so surgery weft is Play + n -121ktkik
')
☒+

a blow up of a surgery diagram is the addition of

an unknotted composed, unlinked from

the rest of the diagram, with surgery
coeff. I 1

a blow down is the removal of such a component

note :
'

= ☐
•

= 5
Rolfsen
twist

so blowing up and down do not affect the manifold

described by the diagram !



exercise :

show
!

| . . . . / 0+-1 I ± ,

1- - - l
v

ri
ri-- ri Iltilkiu)

by using handle slides
( could also use Rotten twist)

so sometimes people define

f. I ± .

1- - - l
v

r,
blow down

ri-ri-i.lkKill

example :

recall we said earlier the Poincaré homology sphere
is

"
'

let's identify
- Z - Z - Z - L - Z - Z

- Z

CEEDOOOE. a

blow up at right left and bottom



- l
- Z - Z - L - Z - Z - 1

¢iE0☒ .

4-
'

blow down all -1 unknot

%
blow down left and right -1 unknots

p
Uz

blowdown the - I unknot

5
2

repeat
5

= ⑥"Uz

blow down + I unknot

☐" =



repeat

☐ = c"
'

repeat

⑤ =

exercise :

1) Show
is me Poincaré

homology sphere
+ 1

a show
=

"

I L( 18,5)

"
¥ show Myod EUR131

Pl-2,47) (or L (18/5)=-418,13) )
and

MK ( 19 ) I
± ( ( 19,12)

(or (( 19,71=-419,12))

(Hard ! )



THI (Kirby, 1978 )
:

two surgery diagrams in 53 with integral surgery
coefficients are diffeomorphic

⇐

they are related by a sequence of

blow ups/downs and handle slides

Moreover
, any orientation preserving diffeom.

can be realized this way

we prove this in the next section , but for now

we use it to prove

The 5( Fenn - Rourke , 1979) :

Kirby 's theorem is true without handle slides !
(only need blowups and blowdowns )

11--1
u

-1-1 ← tf
11 . -1 11--1

ri-rn-i-llhlkn.VN ri

Proof : first note we can do the following handle slide via
blowups & blowdowns

it|→U± ,

slide \ . - l



indeed

1- - l ¥I ¥+1 down
Jiji
C 1--1

blow
+ .
⇒ ¥÷f"

Mtt

note : this works even if purple curve
runs through red curve in any way

exercise : show framings on curves work
out correctly

of course we could deal with
- I framed case

in same way

now note n
n

☒ → ¥:
and

-
i → n± ,

so by blowups we can turn any knot



⑤
into

+ I

1- " I

now can slide of this unknot as above

with blowup /downs and then blow

down all the green
to get back

to K with something slid over it !
E.tt

Corollary 6 :

surgery diagrams in 53 with rational weft.
are diffeomorphic
⇐

they are related by Rolsen twists

first we need

exercise : show a slam dunk can be done

by Rolfsen twists

Hint :

"¥4T
"% !;O%mrR¥

'

twist twist
•

s-I.ir" =
v



⇒in f- -1
twist ^s÷¥i n - Sir

2) note blowup/down are Rolfsen twist now use

trick in Th " 5 to do general case .

Proof : first use slam dunks (which are Rolfson twists)
to write surgery diagrams with integer
Coeff

.

now they are related by blowup/downs by
that 5

,
but these are also Rolfseu

twists ! ☒t

B
.

Seifert Fiber Spaces

exercise :

① is s
'

✗ 5

and
is s

'
✗{point}

from our discussion of Seifert fiber spaces (section II. B)

we see any SFS over
5 can be written



by RolfSen twists one can arrange all
the ri < - l

to get

~
usually
denoted eo

exercise : there is a unique way to do this

these are called the normalized Seifert

invariants of the singular fibers

we denote the above SFS by
MIO

, eo ;
-¥
,

. . .

,

- trn )
p

genus of base 0

e = eot I
- tri is called the rational Euler number

exercise :

1) MIO, ei,
-¥ , . . . ,

-%) has the same rational



homology as 53 ⇒ e =/ 0

2) MIO, ei, -4 , . . . ,
-%) has a horizontal

incompressible surface ⇒ e
= 0

0

3) show ✗ °

is 1-3

RE
p

°

s
'

✗ {pt} C S
'

✗ T
"

Haiti. maybe later

4) Show the orientable S
'

-bundle over IRPZ
is

⇒:
Hint : maybe later

i
fiber

from above not hard to show that a SFS over

a surface of genusg with normalize Seifert

in variants can be written

-

'

'

e
☐



Mlg.eu ;
-tr

, ,
. . .

- In )

and over N=#n1RP2
in

MI - n,eo ;
- tr

, ,
. . ,

- In )

That :

it M=Mlg,eo; -tr, , . . . ,
-E.) and Kis a regular fiber

then % surgery on K is
It Mlg, eo - Cnn);

- tr
, , . . . ,

-4
,

if % -40 and b= natr oIr< a

II) H-nllai.be ) #m 51×5 if 95=0 and

ri
- ( "

'

b.)

Proof :

I ) cleanyly Mk ("b) is r
,

g copies of -

-0 ifgzo

-g copies of

-"I if gao
eo

,

!



Rotten twist red curve @ + 1) times to get

so Mkl%) = Mlg, G- In -111;
-

÷ -
-¥ , %)

I) we need a lemma

lemma 8 :

suppose |Ño is part of a surgery diagram
u

K can link other components but the meridian can't.

then removing
K and the meridian from the diagram

gives the same 3 -manifold

Proof : note at a crossing of K we can /so top meridian

to see

-
do indicated handle slide toget



§=2 = ¥-12
so we can unknot K by crossing changes

similarly, we can unlink K from rest of surgery
diagram toget

M

④ 0 u rest of diagram

but m - z m - z

°

= ⑨ 0

→
m+ z m -12

→ ④0
= ⑨ °

so cangetto
° ④ 0

I blowdown Islam dunk

0
- '

=

I blowdown

Et

now

eo



is same as

-0%1 . . . ①
"
Ibn

db i
0°
② •

=

0° @ o LC9.be )
00

g- times -

g- times

in T

51×5*5×5 51×5 ¥7


